A new inequality on the minimum eigenvalue for the Fan product of nonsingular M-matrices is given. In addition, a new inequality on the spectral radius of the Hadamard product of nonnegative matrices is also obtained. These inequalities can improve considerably some previous results.
Introduction
, then the M-matrix A is nonsingular (resp., singular) (see [1] [2] ). Denote by M n the set of nonsingular M-matrices.
We define ( ) ( Obviously, J A is nonnegative. Recently, some authors gave some lower bounds of ( )
A B
τ  (see [3] - [8] ). In [4] , Huang obtained the following result for ( )
The bound of (1) is better than the bound ( ) ( )
In [7] , Liu gave a lower bound of ( )
where
The bound of (2) is better than the one of (1).
For a nonnegative matrix
The Hadamard product of two matrices ρ (see [3] - [7] [9]). In [4] , Huang obtained the following result for ( )
3) If 0
ii a = and 0, In [7] , Liu gave a new upper bound of ( )
2) If 
ii a = and 0, The bound of ( )
in [7] is better than that in [4] .
The paper is organized as follows. In Section 2, we give a new lower bound of ( ) A B τ  . In Section 3, we present a new upper bound of ( )
Inequalities for the Fan Product of Two M-Matrices
In this section, we will give a new lower bound of ( )
is a nonnegative matrix and
2 , ,
It is evident that the Theorem holds with equality for n = 1. Next, we assume that 2 n ≥ . 
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in which U and V are the nonsingular diagonal matrices ( )
Then, we have ( )
It is easy to see that A , B , and VU are nonsingular since V and U are. From Lemma 1, we have 
.
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We next consider the minimum eigenvalue ( ) 1  2  2  2  2  2  2  2  2  2   2  2  2  2   1  2  2  2  2  2  2  2  2  2  2 .
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Then, we have 
The numerical example shows that the bound in Theorem 1 is better than that in Theorem 4 of [4] , Theorem 3.1 of [5] , Theorem 2 of [7] , and Theorem 3.1 of [8] .
Inequalities for the Hadamard Product of Two Nonnegative Matrices
In this section, we will give a new upper bound of ( )
for nonnegative matrices A and B. Similar to [7] , for
where ( ) 
ii a = and 0, (9)- (11).
Proof. It is evident that 4) holds with equality for n = 1. Next, we assume that 2 n ≥ .
(1) First, we assume that A B is irreducible matrix, then A and B are irreducible. Obviously A J ′ and B J ′ are also irreducible and nonnegative, so n n n n n n n n ij n n n n nn nn n n n n
We next consider the minimum eigenvalue ( )Â The numerical example shows that the bound in Theorem 2 is better than that in Theorem 6 of [4] , Theorem 3 of [7] , and Theorem 2.2 of [9] .
